Models with large extra dimensions offer the possibility of the Planck scale being of order the electroweak scale, thus alleviating the gauge hierarchy problem. We show that these models suffer from a breakdown of unitarity at around three quarters of the low effective Planck scale. An obvious candidate to fix the unitarity problem is string theory. We therefore argue that it is necessary for the string scale to appear below the effective Planck scale and that the first signature of such models would be string resonances. We further translate experimental bounds on the string scale into bounds on the effective Planck scale.
The discovery that the scale of quantum gravity could be as low as a few TeV if there are large extra dimensions has been one of the most exciting theoretical developments of the last 15 years [1, 2] . Models with large extra dimensions allow for a geometric reformulation of the gauge hierarchy problem. Typically, in these models, gravity propagates in the full d-dimensional space-time while matter fields are confined to a 3-brane. Because the extra dimensions have to be compact, one expects from a four dimensional effective field theory perspective the presence of a tower of massive Kaluza Klein (KK) gravitons. These models offer the possibility of being able to observe quantum gravity, such as string theory, in the very near future at the LHC.
The gauge hierarchy problem is alleviated by proposing that the effective Planck scale, M D , is near the weak scale. Given n extra space dimensions compactified on a torus of common radius R, the four dimensional reduced Planck mass is related to the low effective Planck scale viaM
With no UV completion to the theory, it is well known that for n > 1 extra dimensions these models suffer from UV divergences even at tree level (due to the asymptotic high density of the infinite tower of KK modes). However, one generally expects that quantum gravity at the weak scale will tame these divergences.
One of the clearest ways to see the divergent behaviour is in the breakdown of tree level unitarity. Scattering amplitudes grow with energy, eventually exceeding bounds derived from the unitarity of the S matrix. However there is a further feature of these models which can also cause problems with unitarity. This feature appears due to the very fine spacing of the KK modes which essentially means that scattering via graviton exchange will involve the exchange of on shell gravitons at whatever energy the scattering takes place. Resonance behaviour due to the transfer of on shell gravitons can push the size of the amplitude beyond the unitarity bound.
In this letter we review the results of [3] which show that, in general, models with large extra dimensions violate tree level unitarity at around 1 2 M D . Here we investigate the nature of this result further and show that it in fact occurs due to the resonance behaviour mentioned above and is very sensitive to the cutoff. With this understanding, we show that a far more robust bound can be derived by considering only the imaginary part of the amplitude which encapsulates only the resonant behaviour. From this we find that for n > 1 extra dimensions, unitarity is violated at around 0.8M D . Although this bound is not as low as that found previously, it is much less sensitive to the cutoff and we therefore consider it to be on a much stronger footing. From this we argue that if string theory is the theory of quantum gravity, we would require the string scale, M S , to be at or below the scale of unitarity violation. The breakdown of unitarity therefore forces a low string scale and suggests that the first signatures of large extra dimensions would be stringy physics such as string resonances. We further use bounds on the string scale to place bounds on the size of the low effective Planck scale.
In Ref. [3] , the s-channel scattering of matter particles via the exchange of KK gravitons has been considered. It has been shown using a partial wave amplitude analysis that perturbative unitarity is typically violated at about half the effective Planck mass. The partial wave a J , can be determined using A = 16π J (2J + 1)a J d J µ,µ ′ . The different partial waves for scattering via KK gravitons in the massless limit are reproduced in Table (1) . 
CM is the centre of mass energy squared. We have used the helicity basis.
Each partial wave is subject to the unitarity bound |Re a J | ≤ 1/2. Considering the J = 2 partial wave for the scattering of a superposition of states, | 1/3 ss+ ψ −ψ+ +2 V V , one finds
where Table ( 1) can however occur via exchange of any of a very large number of KK gravitons and we will not always be in the massless limit. To take into account the exchange of a massive KK graviton with mass m i , each of the amplitudes in Table ( 
where S n−1 = 2π n/2 /Γ(n/2) is the surface of a unit-radius sphere in n dimensions. Summing all the modes with masses m i ≤ Λ, we find
The integral clearly diverges for masses with m . We can now sum up all the KK modes using
In Ref. [3] we cut off the integral at the energy at which unitarity is violated, i.e. we set Λ = √ s = E ⋆ , since this is where the effective theory will break down. We find that with M D , remains the same at higher energies, for example with n = 6 extra dimensions with M D = 5 TeV we find E ⋆ = 2.8 TeV. In other words, perturbative unitarity is violated before strong gravitational physics effects have a chance to kick in. This is one of the main results obtained in [3] .
The above results are robust to changes in the proportionality constant in the expression of the width Γ(m) = c
. Our results are obtained for c = 1, but varying c by a factor of 100 in either direction only affects the bounds at the sub percent level. Finally, an expression for the decay width is given in [4] to be
i.e. c ∼ 0.1 for KK gravitons with masses large enough to decay into any standard model particles. We also remark here on the suitability of the Breit-Wigner width. The spacing between KK modes is approximately ∆m
, and so for n ≥ 2 and KK masses at the TeV scale we have Γ ≪ ∆m. There is no overlap between the resonant modes and since also ∆m ≪ m the use of the Breit-Wigner width is valid.
There are essentially two forms of divergent behaviour in the sum over KK modes in Eq. (3) and it is important to understand which is contributing to the unitarity problem above. Firstly there are divergences appearing from the pole region where s = m 2 , and secondly there are divergences coming from the infinite sum of the high density of states for n > 1. The first is an IR divergence and the second is a UV divergence. We may tame the IR divergence by introducing a width, as above, however the UV divergence can only be dealt with by introducing some form of cutoff to the number of KK modes, to which the physics is highly sensitive. A common method used to find the cutoff in such an effective theory is to calculate the lowest energy at which unitarity is violated and associate this with the cutoff, as we have done above. However, in this instance, it is rather hard to separate the effects of these two divergences in such a calculation. The problem lies in the fact that when we cut off the integral (4) at Λ = √ s, we do not include modes above the pole which normally appear with opposite sign and begin to lower the amplitude. Hence when we strictly cut off the integral at the point at which unitarity is violated, we see mostly the resonant behaviour near the pole, and it is therefore hard to determine in this way unitarity problems stemming from the UV divergence. The calculation is also therefore extremely sensitive to the cutoff.
It is actually quite clear to see that the unitarity problem is coming from the resonant behaviour of on shell virtual gravitons since it also shows up at a low energy for n = 2. In this case, the UV behaviour of the KK sum is only logarithmically divergent and so one would expect that any unitarity problems stemming from the UV divergence of the KK sum would appear at much higher energies.
The use of the width in the propagator introduces an imaginary part to the amplitude and we can also apply the unitarity bound to this, i.e. |Im a J | < 1. It is clear that a bound derived from the imaginary part is only produced by the on shell behaviour of the KK gravitons and does not encapsulate any of the UV divergence. It is therefore far less sensitive to the cutoff. Applying the bound in this way, we find that unitarity is violated at √ s = E ⋆ = 1.02, 0.89, 0.84, 0.83, 0.83 and 0.84 TeV for n = 2, 3, 4, 5, 6 and 7 respectively.
Again these bounds are not particularly sensitive to the proportionality constant used in the expression for Γ [m] . Also the bounds scale with M D , so in general we find that unitarity is violated at E ⋆ ∼ 0.8M D . We emphasise again that all these bounds are stemming from resonant behaviour as on shell gravitons are exchanged and not a result of the UV divergence from the sum over KK modes. However the bound on the imaginary part is far less sensitive to the cutoff and therefore seems a more appropriate tool to use to find the scale of unitarity violation.
Another way to deal with the on shell part of the amplitude is via the iǫ prescription and taking the principle value of the integral, as is done in [4] . Here the integral (3) is done analytically using dimensional regularisation and an imaginary part is found proportional to πs (n−2)/2 . Bounding this for individual particle in and out states one finds E ⋆ ∼ 1.5M D which can be reduced further by again considering scattering of the state | 1/3 ss
However since the KK gravitons are not stable the true way to deal with this is to introduce a width as above and we therefore maintain that the more conservative bound of E ⋆ ∼ 0.8M D is the most relevant.
To summarise, if we insist that we should strictly cut off the sum over KK modes at the energy at which unitarity is violated, we find by bounding the real part of the amplitude that unitarity breaks down at around 1 2 M D . This bound appears due to the resonance behaviour of on shell KK gravitons being exchanged and is extremely sensitive to the point at which we cut off the modes. We therefore prefer to bound the imaginary part of the amplitude which is fairly insensitive to the cutoff and we find in general that unitarity breaks down at approximately 0.8M D .
One might expect that strong gravitational effects appear at this scale and fix the unitarity problem via higher orders in perturbation theory. However, it is shown in [4, 5] that by naive dimensional analysis, one expects gravity to become strong at around
For any number of extra dimensions, it is found that Λ strong > 7.2M D . Therefore it is very unlikely that higher orders in perturbation theory will be able to fix the breakdown of unitarity.
This problem can easily be solved if there is new physics around E ⋆ (or below). An obvious candidate is string theory and we identify the string scale M S with E ⋆ . The fact that the breakdown of unitarity forces the string scale to appear below the quantum gravity scale fits nicely with the relationship between these two quantities derived in specific string models. In Ref. [2] the idea that string theory provides a natural framework for models with large extra dimensions was first proposed. Here it was shown that the only perturbative string theory with weak scale string tension, realising low scale gravity, must be a type I theory of open and closed strings with an O(1) string coupling. With n large extra dimensions, the remaining 6 − n dimensions must be of the string size. Given such a string realisation with the Standard Model embedded on a D-brane configuration, it was further shown that a relation exists between the effective Planck scale and the string scale,
where α = g S /4π is the string coupling. The spacing between these two scales is therefore dependent on the string coupling and n. It is shown for a toy model in [7] , that for n = 6 the relation is given by
and with the choice g s = 1/2 we find that M D /M S = 1.9. For the extreme choice α = 1/137, M D /M S = 3.0. This relation is model dependent however we have shown from unitarity arguments that M S is required to be at 0.8M D or lower. From this we can infer that the dominant first signatures of large extra dimensions would be stringy physics such as string resonances [6, 7] , before we see strong gravitational effects.
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Given the requirement M S 0.8M D we can use bounds on the string scale to bound the effective Planck scale. We therefore briefly review the most current bounds on M S . String effects at energies below the string scale can be characterised by effective operators for contact interactions [7, 10] . For example in models where matter fermions sit on the same set of branes these would take the form of dimension-8 operators such as
and for fermions living on brane intersections the dimension-6 operator
Model dependent bounds derived from the dimension eight operators are rather weak [10, 11] and we will not consider them further here. In Ref. [10] it is shown that the dimension six operators can be generically parameterised as
with ǫ = 1 (0) for ψ = ψ ′ (ψ = ψ ′ ). Then for the specific model considered in [10] one can identify
which is the quantity normally identified as Λ + V V . The most stringent bound on this quantity comes from LEP: Λ + V V > 21.7 TeV [12] . Choosing g S ≃ 1/2 we find M S > 3.3 TeV. With the extreme choice of g S /4π = 1/128 we find M S > 1.4 TeV. Or, using the results from [13] there is less ambiguity over the choice of g S and we find with g S ≃ 1/2, M S > 3.1 TeV and with g S = 0.425, M S > 2.2 TeV.
The most general model independent bounds can be placed on the string scale by searching for the production of dijet resonances at hadron colliders [6, 7] . The current tightest bound comes from recent data from the CMS experiment operating at a centre of mass energy √ s = 7 TeV and with 1 fb −1 of data, producing the model independent bound M S > 4.00 TeV [14] . The ATLAS experiment has not yet produced direct bounds on M S but in [15] they produce a lower bound of 2.10 TeV on the axigluon mass which can be roughly translated into the same limit on M S [7] .
In order to fix the unitarity problem we expect string physics to appear at the scale of unitarity violation, i.e. M S < ∼ E ⋆ ∼ 0.8M D . We can therefore use bounds on M S to place bounds on the effective Planck scale. If we take the model independent bound M S > 4.00 TeV we find M D 5 TeV.
Choosing the specific model dependent bound M S > 3.3 TeV, coming from dimension-6 operators, we find M D 4.1 TeV.
Previously such a relationship between the string scale and the effective Planck scale was not thought to be necessary but was just a result of specific string models. We have found that the requirement that string physics must appear at the scale of unitarity violation forces such a relationship and therefore bounds the quantum gravity scale Eq. (12) . This pushes further up, in particular, the relevant scale of micro black hole production, at energies beyond the LHC reach independently of other theoretical arguments.
With the string scale appearing below the effective Planck scale, the dominant collider signatures of large extra dimensions will be stringy physics such as production of string resonances. With large amounts of data constantly being collected at the LHC, if large extra dimensions do exist in nature so that the string scale is not very far from the electroweak scale, we will surely see evidence of them soon and be able to experimentally probe the exciting world of string theory.
